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     THE PAULI EXCLUSION PRINCIPLE 
 

•  No two fermions can occupy the 
same quantum state (Pauli, 1925) 

•  Fermion occupation numbers  must 
lie between 0 and 1 

 

•  Comes from the skew-symmetry of 
the N-fermion wave function (Dirac, 
Heisenberg, 1926) 

Wolfgang Pauli 

2 
1A. J. Coleman, Rev. Mod. Phys. 35, 668 (1963)  
 

0 ≤ n
i
≤1



DEFINITIONS 

•  A general N-fermion pure state is expressible by the outer product of the N-
fermion wave function 
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The Pauli exclusion principle requires the spectrum of the occupation numbers of the one-electron
reduced density matrix (1-RDM) to be bounded by one and zero. However, for a 1-RDM from a
wave function there exist additional conditions on the spectrum of occupation numbers known as
pure N-representability conditions or generalized Pauli conditions. For atoms and molecules we
measure through a Euclidean-distance metric the proximity of the 1-RDM spectrum to the facets of
the convex set (polytope) generated by the generalized Pauli conditions. For the ground state of any
spin symmetry, as long as time-reversal symmetry is considered in the definition of the polytope, we
find that the 1-RDM’s spectrum is pinned to the boundary of the polytope. In contrast, for excited
states we find that the 1-RDM spectrum is not pinned. Proximity of the 1-RDM to the boundary
of the polytope provides a measurement and classification of electron correlation and entanglement
within the quantum system. For comparison, this distance to the boundary of the generalized Pauli
conditions is also compared to the distance to the polytope of the traditional Pauli conditions, and
the distance to the nearest 1-RDM spectrum from a Slater determinant. We explain the difference
in pinning in the ground- and excited-state 1-RDMs through a connection to the N-representability
conditions of the two-electron reduced density matrix.

I. INTRODUCTION

The Pauli exclusion principle states that two identical
fermions cannot occupy the same quantum state [1]. Pos-
tulated by Pauli in 1925 to explain atomic transitions [2],
this principle plays a key role in predicting electronic con-
figurations of atoms and molecules. Stated otherwise, the
Pauli principle says that the fermion occupation numbers
λi of a quantum system must lie between 0 and 1

0 ≤ λi ≤ 1. (1)

Subsequent work by Dirac [3] and Heisenberg [4] showed
that this principle arises from the antisymmetry of the
fermion wave function.
As discussed by von Neumann [5], a generalN -fermion

quantum state is expressible by an N -fermion ensemble
density matrix

ND(1, 2, .., N ; 1̄, 2̄, .., N̄) =
!
i

wiΨi(1, 2, .., N)Ψ∗
i (1̄, 2̄, .., N̄)

(2)
where wi are non-negative weights that sum to unity,
Ψi(1, 2, .., N) are N -fermion wave functions, and each
number denotes the spatial and spin coordinates of a
fermion. Integration of the N -fermion ensemble density
matrix over the coordinates of all fermions save one yields
the one-fermion reduced density matrix (1-RDM)

1D(1; 1̄) =

"
ND(1, 2, .., N ; 1̄, 2, .., N)d2d3..dN. (3)

Like the N -fermion density matrix, the 1-RDM must be
(i) Hermitian, (ii) normalized, and (iii) positive semidef-
inite. However, the 1-RDM must also obey additional
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constraints to ensure that it is derivable from the inte-
gration of an N -fermion ensemble density matrix ND.
These additional constraints are known as ensemble N -
representability conditions [6]. The eigenfunctions of the
1-RDM are known as natural orbitals while the eigenval-
ues of the 1-RDM are known as the natural occupation
numbers. Coleman showed that the Pauli exclusion prin-
ciple applied to the natural occupation numbers imposes
necessary and sufficient ensemble N -representability con-
ditions on the 1-RDM, that the eigenvalues of the 1-RDM
must lie between 0 and 1 [6].

While the Pauli conditions of the 1-RDM are complete
ensemble N -representability conditions, additional con-
ditions on the 1-RDM are required to ensure that it arises
from the integration of an N -fermion pure density matrix

ND(1, 2, .., N ; 1̄, 2̄, .., N̄) = Ψ(1, 2, .., N)Ψ∗(1̄, 2̄, .., N̄)
(4)

where the ND can be spectrally resolved in terms of
the single N -fermion wave function Ψ(1̄, 2̄, .., N̄). These
additional 1-RDM constraints are known as pure N -
representability conditions or generalized Pauli condi-
tions [6–11]. The pure N -representability conditions
of the 1-RDM depend only on its natural occupation
numbers [6], and hence, we will use the terms N -
representability of the 1-RDM and N -representability of
the 1-RDM spectrum, interchangeably. Smith showed
that pairwise degeneracy of occupation numbers are suffi-
cient to ensure pure N -representability of the 1-RDM [7].
Furthermore, he showed that such degeneracy occurs nat-
urally in even-N quantum systems with time-reversal
symmetry. In 1972 Borland and Dennis reported pure
N -representability conditions for active space of three
fermions in six orbitals denoted by ∧3[H6], on the basis
of numerical calculations [8]. For an ordered set of oc-
cupation numbers λi ≥ λi+1, their conditions are given

3 1A. J. Coleman, Rev. Mod. Phys. 35, 668 (1963)  
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0 ≤ λi ≤ 1. (1)

Subsequent work by Dirac [3] and Heisenberg [4] showed
that this principle arises from the antisymmetry of the
fermion wave function.
As discussed by von Neumann [5], a generalN -fermion

quantum state is expressible by an N -fermion ensemble
density matrix

ND(1, 2, .., N ; 1̄, 2̄, .., N̄) =
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wiΨi(1, 2, .., N)Ψ∗
i (1̄, 2̄, .., N̄)

(2)
where wi are non-negative weights that sum to unity,
Ψi(1, 2, .., N) are N -fermion wave functions, and each
number denotes the spatial and spin coordinates of a
fermion. Integration of the N -fermion ensemble density
matrix over the coordinates of all fermions save one yields
the one-fermion reduced density matrix (1-RDM)

1D(1; 1̄) =
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constraints to ensure that it is derivable from the inte-
gration of an N -fermion ensemble density matrix ND.
These additional constraints are known as ensemble N -
representability conditions [6]. The eigenfunctions of the
1-RDM are known as natural orbitals while the eigenval-
ues of the 1-RDM are known as the natural occupation
numbers. Coleman showed that the Pauli exclusion prin-
ciple applied to the natural occupation numbers imposes
necessary and sufficient ensemble N -representability con-
ditions on the 1-RDM, that the eigenvalues of the 1-RDM
must lie between 0 and 1 [6].

While the Pauli conditions of the 1-RDM are complete
ensemble N -representability conditions, additional con-
ditions on the 1-RDM are required to ensure that it arises
from the integration of an N -fermion pure density matrix

ND(1, 2, .., N ; 1̄, 2̄, .., N̄) = Ψ(1, 2, .., N)Ψ∗(1̄, 2̄, .., N̄)
(4)

where the ND can be spectrally resolved in terms of
the single N -fermion wave function Ψ(1̄, 2̄, .., N̄). These
additional 1-RDM constraints are known as pure N -
representability conditions or generalized Pauli condi-
tions [6–11]. The pure N -representability conditions
of the 1-RDM depend only on its natural occupation
numbers [6], and hence, we will use the terms N -
representability of the 1-RDM and N -representability of
the 1-RDM spectrum, interchangeably. Smith showed
that pairwise degeneracy of occupation numbers are suffi-
cient to ensure pure N -representability of the 1-RDM [7].
Furthermore, he showed that such degeneracy occurs nat-
urally in even-N quantum systems with time-reversal
symmetry. In 1972 Borland and Dennis reported pure
N -representability conditions for active space of three
fermions in six orbitals denoted by ∧3[H6], on the basis
of numerical calculations [8]. For an ordered set of oc-
cupation numbers λi ≥ λi+1, their conditions are given
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figurations of atoms and molecules. Stated otherwise, the
Pauli principle says that the fermion occupation numbers
λi of a quantum system must lie between 0 and 1

0 ≤ λi ≤ 1. (1)

Subsequent work by Dirac [3] and Heisenberg [4] showed
that this principle arises from the antisymmetry of the
fermion wave function.
As discussed by von Neumann [5], a generalN -fermion

quantum state is expressible by an N -fermion ensemble
density matrix

ND(1, 2, .., N ; 1̄, 2̄, .., N̄) =
!
i

wiΨi(1, 2, .., N)Ψ∗
i (1̄, 2̄, .., N̄)

(2)
where wi are non-negative weights that sum to unity,
Ψi(1, 2, .., N) are N -fermion wave functions, and each
number denotes the spatial and spin coordinates of a
fermion. Integration of the N -fermion ensemble density
matrix over the coordinates of all fermions save one yields
the one-fermion reduced density matrix (1-RDM)

1D(1; 1̄) =

"
ND(1, 2, .., N ; 1̄, 2, .., N)d2d3..dN. (3)

Like the N -fermion density matrix, the 1-RDM must be
(i) Hermitian, (ii) normalized, and (iii) positive semidef-
inite. However, the 1-RDM must also obey additional
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constraints to ensure that it is derivable from the inte-
gration of an N -fermion ensemble density matrix ND.
These additional constraints are known as ensemble N -
representability conditions [6]. The eigenfunctions of the
1-RDM are known as natural orbitals while the eigenval-
ues of the 1-RDM are known as the natural occupation
numbers. Coleman showed that the Pauli exclusion prin-
ciple applied to the natural occupation numbers imposes
necessary and sufficient ensemble N -representability con-
ditions on the 1-RDM, that the eigenvalues of the 1-RDM
must lie between 0 and 1 [6].

While the Pauli conditions of the 1-RDM are complete
ensemble N -representability conditions, additional con-
ditions on the 1-RDM are required to ensure that it arises
from the integration of an N -fermion pure density matrix

ND(1, 2, .., N ; 1̄, 2̄, .., N̄) = Ψ(1, 2, .., N)Ψ∗(1̄, 2̄, .., N̄)
(4)

where the ND can be spectrally resolved in terms of
the single N -fermion wave function Ψ(1̄, 2̄, .., N̄). These
additional 1-RDM constraints are known as pure N -
representability conditions or generalized Pauli condi-
tions [6–11]. The pure N -representability conditions
of the 1-RDM depend only on its natural occupation
numbers [6], and hence, we will use the terms N -
representability of the 1-RDM and N -representability of
the 1-RDM spectrum, interchangeably. Smith showed
that pairwise degeneracy of occupation numbers are suffi-
cient to ensure pure N -representability of the 1-RDM [7].
Furthermore, he showed that such degeneracy occurs nat-
urally in even-N quantum systems with time-reversal
symmetry. In 1972 Borland and Dennis reported pure
N -representability conditions for active space of three
fermions in six orbitals denoted by ∧3[H6], on the basis
of numerical calculations [8]. For an ordered set of oc-
cupation numbers λi ≥ λi+1, their conditions are given

4 1A. J. Coleman, Rev. Mod. Phys. 35, 668 (1963)  
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0 ≤ λi ≤ 1. (1)

Subsequent work by Dirac [3] and Heisenberg [4] showed
that this principle arises from the antisymmetry of the
fermion wave function.
As discussed by von Neumann [5], a generalN -fermion

quantum state is expressible by an N -fermion ensemble
density matrix

ND(1, 2, .., N ; 1̄, 2̄, .., N̄) =
!
i

wiΨi(1, 2, .., N)Ψ∗
i (1̄, 2̄, .., N̄)

(2)
where wi are non-negative weights that sum to unity,
Ψi(1, 2, .., N) are N -fermion wave functions, and each
number denotes the spatial and spin coordinates of a
fermion. Integration of the N -fermion ensemble density
matrix over the coordinates of all fermions save one yields
the one-fermion reduced density matrix (1-RDM)

1D(1; 1̄) =

"
ND(1, 2, .., N ; 1̄, 2, .., N)d2d3..dN. (3)

Like the N -fermion density matrix, the 1-RDM must be
(i) Hermitian, (ii) normalized, and (iii) positive semidef-
inite. However, the 1-RDM must also obey additional
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constraints to ensure that it is derivable from the inte-
gration of an N -fermion ensemble density matrix ND.
These additional constraints are known as ensemble N -
representability conditions [6]. The eigenfunctions of the
1-RDM are known as natural orbitals while the eigenval-
ues of the 1-RDM are known as the natural occupation
numbers. Coleman showed that the Pauli exclusion prin-
ciple applied to the natural occupation numbers imposes
necessary and sufficient ensemble N -representability con-
ditions on the 1-RDM, that the eigenvalues of the 1-RDM
must lie between 0 and 1 [6].

While the Pauli conditions of the 1-RDM are complete
ensemble N -representability conditions, additional con-
ditions on the 1-RDM are required to ensure that it arises
from the integration of an N -fermion pure density matrix

ND(1, 2, .., N ; 1̄, 2̄, .., N̄) = Ψ(1, 2, .., N)Ψ∗(1̄, 2̄, .., N̄)
(4)

where the ND can be spectrally resolved in terms of
the single N -fermion wave function Ψ(1̄, 2̄, .., N̄). These
additional 1-RDM constraints are known as pure N -
representability conditions or generalized Pauli condi-
tions [6–11]. The pure N -representability conditions
of the 1-RDM depend only on its natural occupation
numbers [6], and hence, we will use the terms N -
representability of the 1-RDM and N -representability of
the 1-RDM spectrum, interchangeably. Smith showed
that pairwise degeneracy of occupation numbers are suffi-
cient to ensure pure N -representability of the 1-RDM [7].
Furthermore, he showed that such degeneracy occurs nat-
urally in even-N quantum systems with time-reversal
symmetry. In 1972 Borland and Dennis reported pure
N -representability conditions for active space of three
fermions in six orbitals denoted by ∧3[H6], on the basis
of numerical calculations [8]. For an ordered set of oc-
cupation numbers λi ≥ λi+1, their conditions are given
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gration of an N -fermion ensemble density matrix ND.
These additional constraints are known as ensemble N -
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tions [6–11]. The pure N -representability conditions
of the 1-RDM depend only on its natural occupation
numbers [6], and hence, we will use the terms N -
representability of the 1-RDM and N -representability of
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cient to ensure pure N -representability of the 1-RDM [7].
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in pinning in the ground- and excited-state 1-RDMs through a connection to the N-representability
conditions of the two-electron reduced density matrix.

I. INTRODUCTION

The Pauli exclusion principle states that two identical
fermions cannot occupy the same quantum state [1]. Pos-
tulated by Pauli in 1925 to explain atomic transitions [2],
this principle plays a key role in predicting electronic con-
figurations of atoms and molecules. Stated otherwise, the
Pauli principle says that the fermion occupation numbers
λi of a quantum system must lie between 0 and 1

0 ≤ λi ≤ 1. (1)

Subsequent work by Dirac [3] and Heisenberg [4] showed
that this principle arises from the antisymmetry of the
fermion wave function.
As discussed by von Neumann [5], a generalN -fermion

quantum state is expressible by an N -fermion ensemble
density matrix

ND(1, 2, .., N ; 1̄, 2̄, .., N̄) =
!
i

wiΨi(1, 2, .., N)Ψ∗
i (1̄, 2̄, .., N̄)

(2)
where wi are non-negative weights that sum to unity,
Ψi(1, 2, .., N) are N -fermion wave functions, and each
number denotes the spatial and spin coordinates of a
fermion. Integration of the N -fermion ensemble density
matrix over the coordinates of all fermions save one yields
the one-fermion reduced density matrix (1-RDM)

1D(1; 1̄) =

"
ND(1, 2, .., N ; 1̄, 2, .., N)d2d3..dN. (3)

Like the N -fermion density matrix, the 1-RDM must be
(i) Hermitian, (ii) normalized, and (iii) positive semidef-
inite. However, the 1-RDM must also obey additional
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constraints to ensure that it is derivable from the inte-
gration of an N -fermion ensemble density matrix ND.
These additional constraints are known as ensemble N -
representability conditions [6]. The eigenfunctions of the
1-RDM are known as natural orbitals while the eigenval-
ues of the 1-RDM are known as the natural occupation
numbers. Coleman showed that the Pauli exclusion prin-
ciple applied to the natural occupation numbers imposes
necessary and sufficient ensemble N -representability con-
ditions on the 1-RDM, that the eigenvalues of the 1-RDM
must lie between 0 and 1 [6].

While the Pauli conditions of the 1-RDM are complete
ensemble N -representability conditions, additional con-
ditions on the 1-RDM are required to ensure that it arises
from the integration of an N -fermion pure density matrix

ND(1, 2, .., N ; 1̄, 2̄, .., N̄) = Ψ(1, 2, .., N)Ψ∗(1̄, 2̄, .., N̄)
(4)

where the ND can be spectrally resolved in terms of
the single N -fermion wave function Ψ(1̄, 2̄, .., N̄). These
additional 1-RDM constraints are known as pure N -
representability conditions or generalized Pauli condi-
tions [6–11]. The pure N -representability conditions
of the 1-RDM depend only on its natural occupation
numbers [6], and hence, we will use the terms N -
representability of the 1-RDM and N -representability of
the 1-RDM spectrum, interchangeably. Smith showed
that pairwise degeneracy of occupation numbers are suffi-
cient to ensure pure N -representability of the 1-RDM [7].
Furthermore, he showed that such degeneracy occurs nat-
urally in even-N quantum systems with time-reversal
symmetry. In 1972 Borland and Dennis reported pure
N -representability conditions for active space of three
fermions in six orbitals denoted by ∧3[H6], on the basis
of numerical calculations [8]. For an ordered set of oc-
cupation numbers λi ≥ λi+1, their conditions are given

5 1A. J. Coleman, Rev. Mod. Phys. 35, 668 (1963)  

 



DEFINITIONS 

•  A general N-fermion pure state is expressible by the outer product of the N-
fermion wave function 

•  A general N-fermion quantum system is expressible by an N-fermion ensemble 
density matrix  

 

•  Integration of the N-fermion wave function over all co-ordinates save one 
yields the one-electron reduced density matrix or the 1-RDM 

•  Eigenfunctions of the 1-RDM are the natural orbitals while its eigenvalues are 
natural occupation numbers 
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The Pauli exclusion principle requires the spectrum of the occupation numbers of the one-electron
reduced density matrix (1-RDM) to be bounded by one and zero. However, for a 1-RDM from a
wave function there exist additional conditions on the spectrum of occupation numbers known as
pure N-representability conditions or generalized Pauli conditions. For atoms and molecules we
measure through a Euclidean-distance metric the proximity of the 1-RDM spectrum to the facets of
the convex set (polytope) generated by the generalized Pauli conditions. For the ground state of any
spin symmetry, as long as time-reversal symmetry is considered in the definition of the polytope, we
find that the 1-RDM’s spectrum is pinned to the boundary of the polytope. In contrast, for excited
states we find that the 1-RDM spectrum is not pinned. Proximity of the 1-RDM to the boundary
of the polytope provides a measurement and classification of electron correlation and entanglement
within the quantum system. For comparison, this distance to the boundary of the generalized Pauli
conditions is also compared to the distance to the polytope of the traditional Pauli conditions, and
the distance to the nearest 1-RDM spectrum from a Slater determinant. We explain the difference
in pinning in the ground- and excited-state 1-RDMs through a connection to the N-representability
conditions of the two-electron reduced density matrix.

I. INTRODUCTION

The Pauli exclusion principle states that two identical
fermions cannot occupy the same quantum state [1]. Pos-
tulated by Pauli in 1925 to explain atomic transitions [2],
this principle plays a key role in predicting electronic con-
figurations of atoms and molecules. Stated otherwise, the
Pauli principle says that the fermion occupation numbers
λi of a quantum system must lie between 0 and 1

0 ≤ λi ≤ 1. (1)

Subsequent work by Dirac [3] and Heisenberg [4] showed
that this principle arises from the antisymmetry of the
fermion wave function.
As discussed by von Neumann [5], a generalN -fermion

quantum state is expressible by an N -fermion ensemble
density matrix

ND(1, 2, .., N ; 1̄, 2̄, .., N̄) =
!
i

wiΨi(1, 2, .., N)Ψ∗
i (1̄, 2̄, .., N̄)

(2)
where wi are non-negative weights that sum to unity,
Ψi(1, 2, .., N) are N -fermion wave functions, and each
number denotes the spatial and spin coordinates of a
fermion. Integration of the N -fermion ensemble density
matrix over the coordinates of all fermions save one yields
the one-fermion reduced density matrix (1-RDM)

1D(1; 1̄) =

"
ND(1, 2, .., N ; 1̄, 2, .., N)d2d3..dN. (3)

Like the N -fermion density matrix, the 1-RDM must be
(i) Hermitian, (ii) normalized, and (iii) positive semidef-
inite. However, the 1-RDM must also obey additional
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constraints to ensure that it is derivable from the inte-
gration of an N -fermion ensemble density matrix ND.
These additional constraints are known as ensemble N -
representability conditions [6]. The eigenfunctions of the
1-RDM are known as natural orbitals while the eigenval-
ues of the 1-RDM are known as the natural occupation
numbers. Coleman showed that the Pauli exclusion prin-
ciple applied to the natural occupation numbers imposes
necessary and sufficient ensemble N -representability con-
ditions on the 1-RDM, that the eigenvalues of the 1-RDM
must lie between 0 and 1 [6].

While the Pauli conditions of the 1-RDM are complete
ensemble N -representability conditions, additional con-
ditions on the 1-RDM are required to ensure that it arises
from the integration of an N -fermion pure density matrix

ND(1, 2, .., N ; 1̄, 2̄, .., N̄) = Ψ(1, 2, .., N)Ψ∗(1̄, 2̄, .., N̄)
(4)

where the ND can be spectrally resolved in terms of
the single N -fermion wave function Ψ(1̄, 2̄, .., N̄). These
additional 1-RDM constraints are known as pure N -
representability conditions or generalized Pauli condi-
tions [6–11]. The pure N -representability conditions
of the 1-RDM depend only on its natural occupation
numbers [6], and hence, we will use the terms N -
representability of the 1-RDM and N -representability of
the 1-RDM spectrum, interchangeably. Smith showed
that pairwise degeneracy of occupation numbers are suffi-
cient to ensure pure N -representability of the 1-RDM [7].
Furthermore, he showed that such degeneracy occurs nat-
urally in even-N quantum systems with time-reversal
symmetry. In 1972 Borland and Dennis reported pure
N -representability conditions for active space of three
fermions in six orbitals denoted by ∧3[H6], on the basis
of numerical calculations [8]. For an ordered set of oc-
cupation numbers λi ≥ λi+1, their conditions are given
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The Pauli exclusion principle requires the spectrum of the occupation numbers of the one-electron
reduced density matrix (1-RDM) to be bounded by one and zero. However, for a 1-RDM from a
wave function there exist additional conditions on the spectrum of occupation numbers known as
pure N-representability conditions or generalized Pauli conditions. For atoms and molecules we
measure through a Euclidean-distance metric the proximity of the 1-RDM spectrum to the facets of
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spin symmetry, as long as time-reversal symmetry is considered in the definition of the polytope, we
find that the 1-RDM’s spectrum is pinned to the boundary of the polytope. In contrast, for excited
states we find that the 1-RDM spectrum is not pinned. Proximity of the 1-RDM to the boundary
of the polytope provides a measurement and classification of electron correlation and entanglement
within the quantum system. For comparison, this distance to the boundary of the generalized Pauli
conditions is also compared to the distance to the polytope of the traditional Pauli conditions, and
the distance to the nearest 1-RDM spectrum from a Slater determinant. We explain the difference
in pinning in the ground- and excited-state 1-RDMs through a connection to the N-representability
conditions of the two-electron reduced density matrix.

I. INTRODUCTION

The Pauli exclusion principle states that two identical
fermions cannot occupy the same quantum state [1]. Pos-
tulated by Pauli in 1925 to explain atomic transitions [2],
this principle plays a key role in predicting electronic con-
figurations of atoms and molecules. Stated otherwise, the
Pauli principle says that the fermion occupation numbers
λi of a quantum system must lie between 0 and 1

0 ≤ λi ≤ 1. (1)

Subsequent work by Dirac [3] and Heisenberg [4] showed
that this principle arises from the antisymmetry of the
fermion wave function.
As discussed by von Neumann [5], a generalN -fermion

quantum state is expressible by an N -fermion ensemble
density matrix

ND(1, 2, .., N ; 1̄, 2̄, .., N̄) =
!
i

wiΨi(1, 2, .., N)Ψ∗
i (1̄, 2̄, .., N̄)

(2)
where wi are non-negative weights that sum to unity,
Ψi(1, 2, .., N) are N -fermion wave functions, and each
number denotes the spatial and spin coordinates of a
fermion. Integration of the N -fermion ensemble density
matrix over the coordinates of all fermions save one yields
the one-fermion reduced density matrix (1-RDM)

1D(1; 1̄) =

"
ND(1, 2, .., N ; 1̄, 2, .., N)d2d3..dN. (3)

Like the N -fermion density matrix, the 1-RDM must be
(i) Hermitian, (ii) normalized, and (iii) positive semidef-
inite. However, the 1-RDM must also obey additional
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constraints to ensure that it is derivable from the inte-
gration of an N -fermion ensemble density matrix ND.
These additional constraints are known as ensemble N -
representability conditions [6]. The eigenfunctions of the
1-RDM are known as natural orbitals while the eigenval-
ues of the 1-RDM are known as the natural occupation
numbers. Coleman showed that the Pauli exclusion prin-
ciple applied to the natural occupation numbers imposes
necessary and sufficient ensemble N -representability con-
ditions on the 1-RDM, that the eigenvalues of the 1-RDM
must lie between 0 and 1 [6].

While the Pauli conditions of the 1-RDM are complete
ensemble N -representability conditions, additional con-
ditions on the 1-RDM are required to ensure that it arises
from the integration of an N -fermion pure density matrix

ND(1, 2, .., N ; 1̄, 2̄, .., N̄) = Ψ(1, 2, .., N)Ψ∗(1̄, 2̄, .., N̄)
(4)

where the ND can be spectrally resolved in terms of
the single N -fermion wave function Ψ(1̄, 2̄, .., N̄). These
additional 1-RDM constraints are known as pure N -
representability conditions or generalized Pauli condi-
tions [6–11]. The pure N -representability conditions
of the 1-RDM depend only on its natural occupation
numbers [6], and hence, we will use the terms N -
representability of the 1-RDM and N -representability of
the 1-RDM spectrum, interchangeably. Smith showed
that pairwise degeneracy of occupation numbers are suffi-
cient to ensure pure N -representability of the 1-RDM [7].
Furthermore, he showed that such degeneracy occurs nat-
urally in even-N quantum systems with time-reversal
symmetry. In 1972 Borland and Dennis reported pure
N -representability conditions for active space of three
fermions in six orbitals denoted by ∧3[H6], on the basis
of numerical calculations [8]. For an ordered set of oc-
cupation numbers λi ≥ λi+1, their conditions are given

ar
X

iv
:1

40
4.

52
23

v1
  [

ph
ys

ic
s.c

he
m

-p
h]

  2
1 

A
pr

 2
01

4

Generalized Pauli Conditions on the Spectra of One-electron Reduced Density
Matrices of Atoms and Molecules

Romit Chakraborty and David A. Mazziotti∗

Department of Chemistry and The James Franck Institute, The University of Chicago, Chicago, IL 60637
(Dated: Submitted January 23, 2014; revised March 31, 2014)

The Pauli exclusion principle requires the spectrum of the occupation numbers of the one-electron
reduced density matrix (1-RDM) to be bounded by one and zero. However, for a 1-RDM from a
wave function there exist additional conditions on the spectrum of occupation numbers known as
pure N-representability conditions or generalized Pauli conditions. For atoms and molecules we
measure through a Euclidean-distance metric the proximity of the 1-RDM spectrum to the facets of
the convex set (polytope) generated by the generalized Pauli conditions. For the ground state of any
spin symmetry, as long as time-reversal symmetry is considered in the definition of the polytope, we
find that the 1-RDM’s spectrum is pinned to the boundary of the polytope. In contrast, for excited
states we find that the 1-RDM spectrum is not pinned. Proximity of the 1-RDM to the boundary
of the polytope provides a measurement and classification of electron correlation and entanglement
within the quantum system. For comparison, this distance to the boundary of the generalized Pauli
conditions is also compared to the distance to the polytope of the traditional Pauli conditions, and
the distance to the nearest 1-RDM spectrum from a Slater determinant. We explain the difference
in pinning in the ground- and excited-state 1-RDMs through a connection to the N-representability
conditions of the two-electron reduced density matrix.

I. INTRODUCTION

The Pauli exclusion principle states that two identical
fermions cannot occupy the same quantum state [1]. Pos-
tulated by Pauli in 1925 to explain atomic transitions [2],
this principle plays a key role in predicting electronic con-
figurations of atoms and molecules. Stated otherwise, the
Pauli principle says that the fermion occupation numbers
λi of a quantum system must lie between 0 and 1

0 ≤ λi ≤ 1. (1)

Subsequent work by Dirac [3] and Heisenberg [4] showed
that this principle arises from the antisymmetry of the
fermion wave function.
As discussed by von Neumann [5], a generalN -fermion

quantum state is expressible by an N -fermion ensemble
density matrix

ND(1, 2, .., N ; 1̄, 2̄, .., N̄) =
!
i

wiΨi(1, 2, .., N)Ψ∗
i (1̄, 2̄, .., N̄)

(2)
where wi are non-negative weights that sum to unity,
Ψi(1, 2, .., N) are N -fermion wave functions, and each
number denotes the spatial and spin coordinates of a
fermion. Integration of the N -fermion ensemble density
matrix over the coordinates of all fermions save one yields
the one-fermion reduced density matrix (1-RDM)

1D(1; 1̄) =

"
ND(1, 2, .., N ; 1̄, 2, .., N)d2d3..dN. (3)

Like the N -fermion density matrix, the 1-RDM must be
(i) Hermitian, (ii) normalized, and (iii) positive semidef-
inite. However, the 1-RDM must also obey additional
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constraints to ensure that it is derivable from the inte-
gration of an N -fermion ensemble density matrix ND.
These additional constraints are known as ensemble N -
representability conditions [6]. The eigenfunctions of the
1-RDM are known as natural orbitals while the eigenval-
ues of the 1-RDM are known as the natural occupation
numbers. Coleman showed that the Pauli exclusion prin-
ciple applied to the natural occupation numbers imposes
necessary and sufficient ensemble N -representability con-
ditions on the 1-RDM, that the eigenvalues of the 1-RDM
must lie between 0 and 1 [6].

While the Pauli conditions of the 1-RDM are complete
ensemble N -representability conditions, additional con-
ditions on the 1-RDM are required to ensure that it arises
from the integration of an N -fermion pure density matrix

ND(1, 2, .., N ; 1̄, 2̄, .., N̄) = Ψ(1, 2, .., N)Ψ∗(1̄, 2̄, .., N̄)
(4)

where the ND can be spectrally resolved in terms of
the single N -fermion wave function Ψ(1̄, 2̄, .., N̄). These
additional 1-RDM constraints are known as pure N -
representability conditions or generalized Pauli condi-
tions [6–11]. The pure N -representability conditions
of the 1-RDM depend only on its natural occupation
numbers [6], and hence, we will use the terms N -
representability of the 1-RDM and N -representability of
the 1-RDM spectrum, interchangeably. Smith showed
that pairwise degeneracy of occupation numbers are suffi-
cient to ensure pure N -representability of the 1-RDM [7].
Furthermore, he showed that such degeneracy occurs nat-
urally in even-N quantum systems with time-reversal
symmetry. In 1972 Borland and Dennis reported pure
N -representability conditions for active space of three
fermions in six orbitals denoted by ∧3[H6], on the basis
of numerical calculations [8]. For an ordered set of oc-
cupation numbers λi ≥ λi+1, their conditions are given

6 1A. J. Coleman, Rev. Mod. Phys. 35, 668 (1963)  

 



       N-REPRESENTABILITY 

Ensemble  

1-RDM is derivable from the N-
fermion ensemble density matrix  

The Pauli Exclusion Principle is 
necessary and sufficient for 

ensemble N-representability of 
the 1-RDM  

 
 
 

(Coleman, 1963) 

0 ≤ ni ≤ 1 

1A. J. Coleman, Rev. Mod. Phys. 35, 668 (1963)  
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       N-REPRESENTABILITY 

Ensemble  Pure 

1-RDM is derivable from the N-
fermion ensemble density matrix  

1-RDM arises from the pure 
density matrix 

 

The Pauli Exclusion Principle is 
necessary and sufficient for 

ensemble N-representability of 
the 1-RDM  

 
 
 

(Coleman, 1963) 

Generalized Pauli Conditions are 
pure N-representability 

conditions on the 1-RDM 
 

More stringent and complicated 
than the Pauli condition 

 
Defines a convex polytope in 

the space of natural 
occupations 

0 ≤ ni ≤ 1 

1A. J. Coleman, Rev. Mod. Phys. 35, 668 (1963)  
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Constraints Feasible Set 

 
 

Pauli 

       GENERALIZED PAULI CONSTRAINTS 
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≥ n
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,∀ i ∈ {1..(r −1)}

0 ≤ n
i
≤1

n
i

i=1

r

∑ = N

defines convex set 1E
(N,r)
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1E(3,6) 

2R. E. Borland and K. Dennis, J. Phys. B 5, 7 (1972) 
3A. A. Klyachko, J. Phys. Conf. Ser. 36, 72 (2006)  
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(N,r)
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n
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r

∑ = N

defines convex set 1E
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Feasible sets in the Borland 
Dennis setting 
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1E(3,6) 

1P(3,6) 



FEASIBLE SETS  

Occupation numbers 

1.0000 1.0000 

0.9000 0.9996 

0.6000 0.9996 

0.3000 0.0004 

0.1000 0.0004 

0.1000 0.0000 

Both sum to 3 
Both obey the Pauli principle 

Which one of these sets come from the 
wave function? 
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      GENERALIZED PAULI EXCLUSION 

Occupation numbers 

1.0000 1.0000 

0.9000 0.9996 

0.6000 0.9996 

0.3000 0.0004 

0.1000 0.0004 

0.1000 0.0000 

Spectrum of occupations 
in Li 
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OPEN QUANTUM SYSTEMS 
 
•  Generalized Pauli constraints are necessary for conditions for a pure 

quantum state 

                                                A closed system 
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OPEN QUANTUM SYSTEMS 
 
•  Generalized Pauli constraints are necessary for conditions for pure 

quantum states 

                                                   
        An open system 

•  Violation of Generalized Pauli conditions provide a sufficient condition for 
the openness of a many-electron quantum system 

•  These conditions can be used  to study the interaction of a quantum 
system with its environment 
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SUFFICIENT CONDITIONS FOR 
OPENNESS 

 
•  Spectra can be represented by an N-fermion wavefunction (pure) if and only if 

they lie inside the pure set 1P(N,r) 

 
•  Spectra can be represented by an N-fermion density matrix if and only if they lie 

inside the ensemble set 1E(N,r) 

 
•  Spectra in the outside the pure set but inside the ensemble set (1E(N,r)\1P(N,r)) 

cannot be represented by an N-fermion wavefunction  

•  Violation of Generalized Pauli Conditions are sufficient to certify openness of a 
many-electron quantum system form sole knowledge of the 1-RDM  
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DEGREE OF OPENNESS 
 

                                                   

 

 
•  The nature and extent of spectral deviation from Generalized Pauli condtions 

can be used to quantify the degree of openness in an interacting quantum 
system 

•  We use a euclidean metric (pure distance) to quantify deviation from the 
facets of the pure set (polytope) defined by the Generalized Pauli conditions 
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•  Pure distance is written as the Sequential Quadratic Program: 
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Ø  σ is positive (negative) when the spectrum is 
inside (outside) the pure set 

Ø  Minimum distance to the facets of the ensemble 
set 1E(N,r) and Slater point calculated for 
comparison 

Ø  Pure ≤ Ensemble ≤ Slater by definition 

Ø  Pinned (quasi-pinned) if constraints are saturated 
(close to being saturated) 
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   PHOTOSYNTHETIC ENERGY 
TRANSFER 

•  Environmental interactions in photosynthetic energy transfer 
•  The Fenna-Mathews-Olson complex (FMO) 

•  Dynamics in the FMO complex 

I. INTRODUCTION

Nature harvests solar energy with a remarkably high quantum efficiency, the percentage

of charge carriers created by photons. Recent spectroscopic experiments [1–3] and theoretical

models [4–13], provide evidence that efficient light harvesting in nature occurs by a quantum

mechanism involving sustained electronic coherence [14] and entanglement [15, 16] between

chromophores. While the chromophores are chlorophyll molecules containing large networks

of conjugated carbon bonds that surround a charged magnesium ion, they have largely been

represented in theoretical studies [4–13] by one-electron models that neglect the effects of

electron correlation and entanglement within chromophores. Two advanced methods in

electronic structure, density-matrix renormalization group [17] and two-electron reduced-

density-matrix theory [18, 19], have recently shown that networks of conjugated bonds as

in acene chains [17, 20], acene sheets [20], and chlorophyll are associated with polyradical

character that cannot be adequately described without a strongly correlated many-electron

quantum model.

FIG. 1. Single electrons or correlated chromophores. Each of the seven chromophores in

the FMO complex is generally treated as a single electron in a two-state model (left), and yet the

chromophores are constructed from chlorophyll molecules with many strongly correlated electrons

(right). Here we treat each of the chromophores by a correlated N -electron model by Lipkin,

Meshkov, and Glick. Illustration by K. Naftchi-Ardebili, The University of Chicago, 2011. Used

with permission.

In this paper we examine the efficiency of light harvesting where we represent each

chromophore by a correlated N -electron model to treat strong electron correlation. Fig-

ure 1 illustrates the replacement of one-electron models for each of the 7 chromophores in
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Most photosynthetic organisms have light-harvesting anten-
nae complexes composed of pigment molecules, called

chromophores, whose electrons are excited by sunlight.1 The
excitation energy is transferred from the antennae complexes to
reaction centers with nearly a 100% quantum efficiency.2 For
many years, this transfer was thought to occur by a classical
hopping mechanism, in which the excitation energy transfers
from one chromophore to another in a downhill fashion until it
reaches the reaction center,3,4 but recently, new experimental
evidence suggests that this transfer occurs by a quantum coherent
mechanism.5,6 Quantum coherence in the Fenna!Matthews!
Olson (FMO) antennae complex of green sulfur bacteria has
been shown by two-dimensional Fourier-transform electronic
spectroscopy to last over 500 fs at ambient temperatures and over
300 fs at physiological temperatures.7!9

In this Letter we show that photosynthetic light harvesting
exhibits quantum redundancy. By quantum redundancy we mean
that photosynthetic antennae complexes have multiple efficient
quantum pathways for transferring energy to the reaction center.
These pathways involve different subsets of the antennae’s chro-
mophores, which form functional subsystems. The antennae
complex known as the FMO complex is a trimer where each
monomer consists of seven bacteriochlorophyll-a chromo-
phores.10 Previous research has shown that in each monomer
initial excitation can occur on either chromophore 1 or chromo-
phore 6 and that this energymust move to chromophore 3, which
is most closely coupled with the reaction center.11 Here we show
that within each monomer of the FMO complex, there exist
many subsets of the seven chromophores with efficiencies close
to or even better than the efficiency of the entire set of seven
chromophores. Quantum redundancy contributes a robustness
to nature’s quantum device with potential survival benefits.

The computations presented here reveal that the functional
subsystems achieve their efficiencies by a quantum mechanism
similar to that of the full system including the roles of entangle-
ment and environmental noise. We assess each subsystem’s
entanglement by a global entanglement measure12,13 based on
the squared Euclidean distance.14!19 The study of these chro-
mophore subsystems gives more information about the role of
each chromophore in the energy transfer in the whole FMO
complex.20!31 This more in-depth understanding can provide
insight to other antennae complexes and ultimately be applied to
create synthetic solar cells that rival the efficiency of nature.

We consider a single monomer of the FMO complex with M
chromophore sites with the Hamiltonian

Ĥ ¼ ∑
M

j¼ 1
pωjσþ

j σ
!
j þ ∑

j 6¼l
pvj, lðσ!

j σ
þ
l þ σþ

j σ
!
l Þ ð1Þ

where σj
+ (σj

!) creates (annihilates) a single excitation on chro-
mophore j. The site energy of each chromophore is pωj, while the
coupling constant between the pair of chromophores j and l is pvj,l.

The time evolution of the system’s density matrix is governed
by the quantum Liouville equation

d
dt
D ¼ ! i

p
½Ĥ,D' þ L̂ðDÞ ð2Þ

where D is the density matrix

D ¼ ∑
k, l

Fkl jΨkæÆΨlj ð3Þ
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ABSTRACT: The Fenna!Matthews!Olson (FMO) antennae complex, responsible for light
harvesting in green sulfur bacteria, consists of three monomers, each with seven chromophores.
Here we show that multiple subsystems of the seven chromophores can transfer energy from either
chromophore 1 or 6 to the reaction center with an efficiency matching or in many cases exceeding
that of the full seven chromophore system. In the FMO complex, these functional subsystems
support multiple quantum pathways for efficient energy transfer that provide a built-in quantum
redundancy. There are many instances of redundancy in nature, providing reliability and protection,
and in photosynthetic light harvesting this quantum redundancy provides protection against the
temporary or permanent loss of one or more chromophores. The complete characterization of
functional subsystems within the FMO complex offers a detailed map of the energy flow within the
FMO complex, which has potential applications to the design of more efficient photovoltaic devices.
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Flk are the elements of the density matrixD in the basis set of wave
functions {Ψk}, and L̂ is the Lindblad operator, which accounts
for interactions of theM chromophores with the environment. At
t = 0 we initialize the density matrix with a single excitation
(exciton) on either site 1 or 6. Because the Hamiltonian does not
mix singly excited wave functions with other wave functions, the set
{Ψk} only includes M wave functions formed from sequentially
considering a single excitation on each of theM chromophores.

The Lindblad operator32,30 is the sum of three operators that
account for dephasing, dissipation, and loss to the reaction center
(sink)

L̂ðDÞ ¼ L̂dephðDÞ þ L̂dissðDÞ þ L̂sinkðDÞ ð4Þ

where

L̂dephðDÞ ¼ α ∑
k
2ÆkjDjkæjkæÆkj% fjkæÆkj,Dg ð5Þ

L̂dissðDÞ ¼ β ∑
k
2ÆkjDjkæjgæÆgj% fjkæÆkj,Dg ð6Þ

L̂sinkðDÞ ¼ 2γÆ3jDj3æjsæÆsj% γfj3æÆ3j,Dg ð7Þ

The |gæ denotes the state in which each of theM chromophores is
in its ground state, the |kæ represent the M excited states with
each state having a single excitation on one of the M chromo-
phores, the state |sæ denotes the reaction center (sink), and |3æ
indicates the excited state of the third chromophore multiplied
by the ground states of the other M % 1 chromophores. The
particular form of the Lindblad operators chosen here follows the
operators selected in previous studies of the FMO complex.30

Further refinements of the system’s interaction with the envir-
onment will not substantively affect the general conclusions
made here about the role of functional subsystems within the
FMO complex. The model incorporates two types of noise that
affect the energy transfer. First, dissipation transfers energy from
the chromophores back into the environment, wasting that
energy. Second, dephasing dampens the coherence within the
chromophore system. Finally, the Lindblad operator L̂sink(D) is
responsible for transferring energy from the third chromophore
into the reaction center, which acts as an energy sink and
becomes aM + 1 site in the density matrix. The rate parameters
α,β, and γwere chosen in atomic units to be 1.52& 10%4, 7.26&
10%5, and 1.21& 10%8, respectively. These values are consistent
with those employed in ref 30.

Entanglement is a correlation that cannot occur in a classical
system; Bell33 defined entanglement as “a correlation that is

stronger than any classical correlation.” Parts of a quantum
system become entangled when the total density matrix for the
system cannot be expressed as a product of the density matrices
for the parts.12,13,34 Global entanglement12,13,34 in the system is
measured by the squared Euclidean distance between the density
matrix F and the nearest classical density matrix ξ14%19

σðFÞ ¼ ∑
i, j

jFij % ξijj
2 ð8Þ

On the basis of M wave functions, in which each wave function
has a single excitation on one of the M chromophores, this
measure corresponds to the sum of the squares of the off-
diagonal elements of F, or the sum of the squares of the
concurrences. The squared Euclidean distance is zero if and only
if the excitations (excitons) on the chromophores are not
entangled. Both the squared Euclidean distance and the quantum
relative entropy,29,34 another measure of global entanglement,
are Bergmann distances.

In Figures 1%3 and Table 1, we study subsystems of the FMO
complex, in which certain of the seven chromophores are “turned
off” and the energy transfer is tracked within a smaller set of
chromophores. For the full system of seven chromophores, we
employ the 7& 7Hamiltonian given in ref 30; chromophores are
removed from the full system by deleting rows and columns of
the Hamiltonian matrix. We denote the subsystem by the
numbers of the chromophores retained; for example, the sub-
system with chromophores 1, 2, and 3 is denoted as 123. Figure 1
shows the exciton populations of chromophores 1, 2, 3, and the
reaction center for reduced system 123 and the full system. We
observe that the two systems are quite similar, and yet they
exhibit some important differences. The reduced system features
a slightly slower decay of the exciton populations in chromo-
phores 1 and 2, and most significantly, it transfers energy from
chromophore 1 to the reaction center more quickly than the full
system does. Because chromophores 4%7 draw some of the
excitation energy in the full system, the populations of chromo-
phores 1%3 and the reaction center are lower in the full system
than in the reduced system.

The efficiency of energy transfer from site 1 to the sink is
compared in Figure 2 for several subsystems, 123, 1234, 12345
(not shown because its efficiency is similar to 1234), and 123456,
as well as the full system. We observe that subsystems 123, 1234,
and 12345 are more efficient than the full system, even though
efficiency decreases as we add chromophores from 123 to
123456. The addition of chromophores 4, 5, and 6 increases
the number of sites for the energy to enter and thereby decreases

Figure 1. Populations of chromophores 1%3 and the reaction center for (A) the subsystem 123 and (B) the full FMO system 1234567. Subsystem 123
of the FMO complex transfers energy more efficiently from chromophore 1 to the reaction center (sink) than the full FMO system.
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TRAJECTORY OF THE FMO 
 
•  The three chromophore subsystem has similar efficiency to the full 7-chromophore 

network 

•  We are able to visualize the time dependent trajectory in the space of natural orbital 
occupations 

Closed 

Trajectory in population space with 
femtosecond resolution. Points in green 

lie inside the pure set 
 21 6R. Chakraborty, D. A. Mazziotti Phys. Rev. A, 91, 010101(R) (2015) 

 



CHARACTERIZED TRAJECTORY IN THE FMO 

 
•  Environmental noise increases the size of the set of 1-RDMs accessible to a quantum 

system facilitating in the transfer of excitation to the reaction center 

Points in green lie inside the pure set and points in red are outside 

Trajectory in population 
space 
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STATIONARY STATES OF THE FMO 

•  Assuming single excitations, the 7x7 matrix of site and coupling energies, on 
diagonalization, gives seven stationary state wavefunctions 

•  We use the euclidean distance metric to study the nature of pinning in the FMO 
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Ø  Ground state corresponds to a Slater determinant 

of facets to which the Euclidean distances are >0.8. In con-

trast, the third excited state’s 1-RDM does not have any facets

farther than 0.6 even though it is farther than 0.2 from most

of its facets except a small number of nearly pinned facets

clustered around 0 and 100.

The differences between the lowest three states and the

third excited state reveal that it is important to consider the

distances to all of the facets from the Pauli and generalized

Pauli constraints to construct a complete fingerprint from the

information available in these constraints. This conclusion is

especially true for N ! 5 where the number of facets becomes

quite large. For the ground state and the three excited states,

Table 2 reports not only the minimum distance to a facet of

the pure 1-RDM set (pure distance) but also the harmonic,

geometric, and arithmetic means of the Euclidean distances to

each facet of the set. While the harmonic mean is similar to

the minimum distance, the geometric and arithmetic means

provide information about the distance to the majority of fac-

ets. For example, while the harmonic-mean distance and the

minimum distance are smallest for the ground state, the first

and the third excited state, the geometric- and arithmetic-

mean distances are largest for the third excited state, reflect-

ing that its 1-RDM is far from the majority of the Pauli and

generalized Pauli facets.

Seven-electron Fenna-Matthews-Olson (FMO) complex

The FMO complex in green-sulfur bacteria consists of three

parts, each with seven chromophores embedded in a protein

matrix. As in previous work,[26–31] we model the seven chro-

mophores as a single-electron two-level system. Due to envi-

ronmental differences, each of the seven chromophores has a

slightly different energy. If we restrict the model to the single-

excitation manifold, then the Hamiltonian is a 7 3 7 matrix

whose elements have been determined from computational

and experimental data.[27,29] Diagonalization of the Hamilto-

nian generates seven stationary excited-state wave functions.

Each 1-RDM is readily computed from contraction of its corre-

sponding wave function. While the generalized Pauli con-

straints have not been previously applied to a 7-electron

quantum system, the constraints for a two-level excitonic sys-

tem significantly simplify to a single generalized Pauli condi-

tion (or facet).[32]

Table 3 shows the minimum distances to the pure, ensem-

ble, and Slater boundaries for the ground and excited states

of the seven-site FMO complex. Because the ground state in

this model is a Slater determinant, its Slater, ensemble, and

pure distances vanish. In contrast, the Slater distances of all

seven excited states are nonzero (! 0:85), reflecting the pres-

ence of electron correlation. The ensemble distances of all

seven excited states are also nonzero, indicating that the 1-

RDMs of these states do not lie on the ensemble boundary.

The pure distances, however, for all the excited states except

states 3 and 6 are zero to arbitrary digits of precision. States 3

and 6 have the greatest Slater distances, indicating that they

have the highest level of electron correlation of the seven

excited states. Interestingly, state 3 is nearly degenerate with

state 2, and state 6 is nearly degenerate with state 5. States 3

and 6 have the higher energies in these energetically quasi-

degenerate pairs. Pinning to the generalized Pauli constraints

in the FMO complex gives a glimpse into the structural com-

plexity of excited state 1-RDMs, which can either be pinned,

quasi-pinned, or buried deep inside the pure set.

Conclusions

The role of the generalized Pauli constraints in the quantum

chemistry of excited states has been investigated with applica-

tions to three-, four-, five-, and seven-electron atoms and mol-

ecules. While the ground-state 2-RDM is always on the

boundary of the ensemble N-representable set of 2-RDM,

excited-state 2-RDMs can lie on the boundary or inside the

ensemble N-representable set.[11] The ability of excited state 2-

RDMs to lie inside the set reflects the potential of excited

states to exhibit even greater complexity in their electron

Table 2. The minimum distance to a facet of the pure 1-RDM set (pure
distance) as well as the harmonic, geometric, and arithmetic means of
the Euclidean distances to each facet are reported for the doublet
ground state and the first three doublet excited states of the cyclopenta-
dienyl radical.

Means of Pure distance

Molecule State Harmonic Geometric Arithmetic Std dev. Minimum

C5H5 Ground 0.0037 0.0103 0.0907 0.2566 0.0001
Excited 1 0.0044 0.0303 0.1014 0.2366 0.0001

2B1, C2v 2 0.0206 0.0516 0.1157 0.2425 0.0005
3 0.0023 0.2178 0.3119 0.0952 0.0001

While the harmonic mean is similar to the minimum distance, the geo-
metric and arithmetic means provide information about the distance to
the majority of facets. For example, while the harmonic-mean distance
and the minimum distance are smallest for the ground state and the
third excited state, the geometric- and arithmetic-mean distances are
largest for the third excited state.

Table 3. Minimum distances to the pure, ensemble, and Slater bounda-
ries for the ground and excited states of the seven-site FMO complex are
shown.

Euclidean distances

FMO State Energy (cm21) Pure Ensemble Slater

Ground 0 0.00 0.0000 0.0000 0.0000
Excited 1 223.74 0.0000 0.0005 0.8876

2 101.97 0.0000 0.0048 0.8528
3 120.96 0.0020 0.0085 0.9958
4 268.37 0.0000 0.0141 0.9246
5 307.13 0.0000 0.0001 0.9320
6 332.00 0.0003 0.0003 0.9784
7 513.32 0.0000 0.0003 0.8797

Because the ground state in this model is a Slater determinant, its
Slater, ensemble, and pure distances vanish. In contrast, the Slater
distances of all seven excited states are nonzero (! 0:85), reflecting the
presence of electron correlation. The ensemble distances of all seven
excited states are also nonzero. The pure distances, however, for all the
excited states except states 3 and 6 are zero to arbitrary digits of
precision.
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Ø  Ground state corresponds to a Slater determinant 
Ø  Excited states are correlated  

of facets to which the Euclidean distances are >0.8. In con-

trast, the third excited state’s 1-RDM does not have any facets

farther than 0.6 even though it is farther than 0.2 from most

of its facets except a small number of nearly pinned facets

clustered around 0 and 100.

The differences between the lowest three states and the

third excited state reveal that it is important to consider the

distances to all of the facets from the Pauli and generalized

Pauli constraints to construct a complete fingerprint from the

information available in these constraints. This conclusion is

especially true for N ! 5 where the number of facets becomes

quite large. For the ground state and the three excited states,

Table 2 reports not only the minimum distance to a facet of

the pure 1-RDM set (pure distance) but also the harmonic,

geometric, and arithmetic means of the Euclidean distances to

each facet of the set. While the harmonic mean is similar to

the minimum distance, the geometric and arithmetic means

provide information about the distance to the majority of fac-

ets. For example, while the harmonic-mean distance and the

minimum distance are smallest for the ground state, the first

and the third excited state, the geometric- and arithmetic-

mean distances are largest for the third excited state, reflect-

ing that its 1-RDM is far from the majority of the Pauli and

generalized Pauli facets.

Seven-electron Fenna-Matthews-Olson (FMO) complex

The FMO complex in green-sulfur bacteria consists of three

parts, each with seven chromophores embedded in a protein

matrix. As in previous work,[26–31] we model the seven chro-

mophores as a single-electron two-level system. Due to envi-

ronmental differences, each of the seven chromophores has a

slightly different energy. If we restrict the model to the single-

excitation manifold, then the Hamiltonian is a 7 3 7 matrix

whose elements have been determined from computational

and experimental data.[27,29] Diagonalization of the Hamilto-

nian generates seven stationary excited-state wave functions.

Each 1-RDM is readily computed from contraction of its corre-

sponding wave function. While the generalized Pauli con-

straints have not been previously applied to a 7-electron

quantum system, the constraints for a two-level excitonic sys-

tem significantly simplify to a single generalized Pauli condi-

tion (or facet).[32]

Table 3 shows the minimum distances to the pure, ensem-

ble, and Slater boundaries for the ground and excited states

of the seven-site FMO complex. Because the ground state in

this model is a Slater determinant, its Slater, ensemble, and

pure distances vanish. In contrast, the Slater distances of all

seven excited states are nonzero (! 0:85), reflecting the pres-

ence of electron correlation. The ensemble distances of all

seven excited states are also nonzero, indicating that the 1-

RDMs of these states do not lie on the ensemble boundary.

The pure distances, however, for all the excited states except

states 3 and 6 are zero to arbitrary digits of precision. States 3

and 6 have the greatest Slater distances, indicating that they

have the highest level of electron correlation of the seven

excited states. Interestingly, state 3 is nearly degenerate with

state 2, and state 6 is nearly degenerate with state 5. States 3

and 6 have the higher energies in these energetically quasi-

degenerate pairs. Pinning to the generalized Pauli constraints

in the FMO complex gives a glimpse into the structural com-

plexity of excited state 1-RDMs, which can either be pinned,

quasi-pinned, or buried deep inside the pure set.

Conclusions

The role of the generalized Pauli constraints in the quantum

chemistry of excited states has been investigated with applica-

tions to three-, four-, five-, and seven-electron atoms and mol-

ecules. While the ground-state 2-RDM is always on the

boundary of the ensemble N-representable set of 2-RDM,

excited-state 2-RDMs can lie on the boundary or inside the

ensemble N-representable set.[11] The ability of excited state 2-

RDMs to lie inside the set reflects the potential of excited

states to exhibit even greater complexity in their electron

Table 2. The minimum distance to a facet of the pure 1-RDM set (pure
distance) as well as the harmonic, geometric, and arithmetic means of
the Euclidean distances to each facet are reported for the doublet
ground state and the first three doublet excited states of the cyclopenta-
dienyl radical.

Means of Pure distance

Molecule State Harmonic Geometric Arithmetic Std dev. Minimum

C5H5 Ground 0.0037 0.0103 0.0907 0.2566 0.0001
Excited 1 0.0044 0.0303 0.1014 0.2366 0.0001

2B1, C2v 2 0.0206 0.0516 0.1157 0.2425 0.0005
3 0.0023 0.2178 0.3119 0.0952 0.0001

While the harmonic mean is similar to the minimum distance, the geo-
metric and arithmetic means provide information about the distance to
the majority of facets. For example, while the harmonic-mean distance
and the minimum distance are smallest for the ground state and the
third excited state, the geometric- and arithmetic-mean distances are
largest for the third excited state.

Table 3. Minimum distances to the pure, ensemble, and Slater bounda-
ries for the ground and excited states of the seven-site FMO complex are
shown.

Euclidean distances

FMO State Energy (cm21) Pure Ensemble Slater

Ground 0 0.00 0.0000 0.0000 0.0000
Excited 1 223.74 0.0000 0.0005 0.8876

2 101.97 0.0000 0.0048 0.8528
3 120.96 0.0020 0.0085 0.9958
4 268.37 0.0000 0.0141 0.9246
5 307.13 0.0000 0.0001 0.9320
6 332.00 0.0003 0.0003 0.9784
7 513.32 0.0000 0.0003 0.8797

Because the ground state in this model is a Slater determinant, its
Slater, ensemble, and pure distances vanish. In contrast, the Slater
distances of all seven excited states are nonzero (! 0:85), reflecting the
presence of electron correlation. The ensemble distances of all seven
excited states are also nonzero. The pure distances, however, for all the
excited states except states 3 and 6 are zero to arbitrary digits of
precision.
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of facets to which the Euclidean distances are >0.8. In con-

trast, the third excited state’s 1-RDM does not have any facets

farther than 0.6 even though it is farther than 0.2 from most

of its facets except a small number of nearly pinned facets

clustered around 0 and 100.

The differences between the lowest three states and the

third excited state reveal that it is important to consider the

distances to all of the facets from the Pauli and generalized

Pauli constraints to construct a complete fingerprint from the

information available in these constraints. This conclusion is

especially true for N ! 5 where the number of facets becomes

quite large. For the ground state and the three excited states,

Table 2 reports not only the minimum distance to a facet of

the pure 1-RDM set (pure distance) but also the harmonic,

geometric, and arithmetic means of the Euclidean distances to

each facet of the set. While the harmonic mean is similar to

the minimum distance, the geometric and arithmetic means

provide information about the distance to the majority of fac-

ets. For example, while the harmonic-mean distance and the

minimum distance are smallest for the ground state, the first

and the third excited state, the geometric- and arithmetic-

mean distances are largest for the third excited state, reflect-

ing that its 1-RDM is far from the majority of the Pauli and

generalized Pauli facets.

Seven-electron Fenna-Matthews-Olson (FMO) complex

The FMO complex in green-sulfur bacteria consists of three

parts, each with seven chromophores embedded in a protein

matrix. As in previous work,[26–31] we model the seven chro-

mophores as a single-electron two-level system. Due to envi-

ronmental differences, each of the seven chromophores has a

slightly different energy. If we restrict the model to the single-

excitation manifold, then the Hamiltonian is a 7 3 7 matrix

whose elements have been determined from computational

and experimental data.[27,29] Diagonalization of the Hamilto-

nian generates seven stationary excited-state wave functions.

Each 1-RDM is readily computed from contraction of its corre-

sponding wave function. While the generalized Pauli con-

straints have not been previously applied to a 7-electron

quantum system, the constraints for a two-level excitonic sys-

tem significantly simplify to a single generalized Pauli condi-

tion (or facet).[32]

Table 3 shows the minimum distances to the pure, ensem-

ble, and Slater boundaries for the ground and excited states

of the seven-site FMO complex. Because the ground state in

this model is a Slater determinant, its Slater, ensemble, and

pure distances vanish. In contrast, the Slater distances of all

seven excited states are nonzero (! 0:85), reflecting the pres-

ence of electron correlation. The ensemble distances of all

seven excited states are also nonzero, indicating that the 1-

RDMs of these states do not lie on the ensemble boundary.

The pure distances, however, for all the excited states except

states 3 and 6 are zero to arbitrary digits of precision. States 3

and 6 have the greatest Slater distances, indicating that they

have the highest level of electron correlation of the seven

excited states. Interestingly, state 3 is nearly degenerate with

state 2, and state 6 is nearly degenerate with state 5. States 3

and 6 have the higher energies in these energetically quasi-

degenerate pairs. Pinning to the generalized Pauli constraints

in the FMO complex gives a glimpse into the structural com-

plexity of excited state 1-RDMs, which can either be pinned,

quasi-pinned, or buried deep inside the pure set.

Conclusions

The role of the generalized Pauli constraints in the quantum

chemistry of excited states has been investigated with applica-

tions to three-, four-, five-, and seven-electron atoms and mol-

ecules. While the ground-state 2-RDM is always on the

boundary of the ensemble N-representable set of 2-RDM,

excited-state 2-RDMs can lie on the boundary or inside the

ensemble N-representable set.[11] The ability of excited state 2-

RDMs to lie inside the set reflects the potential of excited

states to exhibit even greater complexity in their electron

Table 2. The minimum distance to a facet of the pure 1-RDM set (pure
distance) as well as the harmonic, geometric, and arithmetic means of
the Euclidean distances to each facet are reported for the doublet
ground state and the first three doublet excited states of the cyclopenta-
dienyl radical.

Means of Pure distance

Molecule State Harmonic Geometric Arithmetic Std dev. Minimum

C5H5 Ground 0.0037 0.0103 0.0907 0.2566 0.0001
Excited 1 0.0044 0.0303 0.1014 0.2366 0.0001

2B1, C2v 2 0.0206 0.0516 0.1157 0.2425 0.0005
3 0.0023 0.2178 0.3119 0.0952 0.0001

While the harmonic mean is similar to the minimum distance, the geo-
metric and arithmetic means provide information about the distance to
the majority of facets. For example, while the harmonic-mean distance
and the minimum distance are smallest for the ground state and the
third excited state, the geometric- and arithmetic-mean distances are
largest for the third excited state.

Table 3. Minimum distances to the pure, ensemble, and Slater bounda-
ries for the ground and excited states of the seven-site FMO complex are
shown.

Euclidean distances

FMO State Energy (cm21) Pure Ensemble Slater

Ground 0 0.00 0.0000 0.0000 0.0000
Excited 1 223.74 0.0000 0.0005 0.8876

2 101.97 0.0000 0.0048 0.8528
3 120.96 0.0020 0.0085 0.9958
4 268.37 0.0000 0.0141 0.9246
5 307.13 0.0000 0.0001 0.9320
6 332.00 0.0003 0.0003 0.9784
7 513.32 0.0000 0.0003 0.8797

Because the ground state in this model is a Slater determinant, its
Slater, ensemble, and pure distances vanish. In contrast, the Slater
distances of all seven excited states are nonzero (! 0:85), reflecting the
presence of electron correlation. The ensemble distances of all seven
excited states are also nonzero. The pure distances, however, for all the
excited states except states 3 and 6 are zero to arbitrary digits of
precision.
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of facets to which the Euclidean distances are >0.8. In con-

trast, the third excited state’s 1-RDM does not have any facets

farther than 0.6 even though it is farther than 0.2 from most

of its facets except a small number of nearly pinned facets

clustered around 0 and 100.

The differences between the lowest three states and the

third excited state reveal that it is important to consider the

distances to all of the facets from the Pauli and generalized

Pauli constraints to construct a complete fingerprint from the

information available in these constraints. This conclusion is

especially true for N ! 5 where the number of facets becomes

quite large. For the ground state and the three excited states,

Table 2 reports not only the minimum distance to a facet of

the pure 1-RDM set (pure distance) but also the harmonic,

geometric, and arithmetic means of the Euclidean distances to

each facet of the set. While the harmonic mean is similar to

the minimum distance, the geometric and arithmetic means

provide information about the distance to the majority of fac-

ets. For example, while the harmonic-mean distance and the

minimum distance are smallest for the ground state, the first

and the third excited state, the geometric- and arithmetic-

mean distances are largest for the third excited state, reflect-

ing that its 1-RDM is far from the majority of the Pauli and

generalized Pauli facets.

Seven-electron Fenna-Matthews-Olson (FMO) complex

The FMO complex in green-sulfur bacteria consists of three

parts, each with seven chromophores embedded in a protein

matrix. As in previous work,[26–31] we model the seven chro-

mophores as a single-electron two-level system. Due to envi-

ronmental differences, each of the seven chromophores has a

slightly different energy. If we restrict the model to the single-

excitation manifold, then the Hamiltonian is a 7 3 7 matrix

whose elements have been determined from computational

and experimental data.[27,29] Diagonalization of the Hamilto-

nian generates seven stationary excited-state wave functions.

Each 1-RDM is readily computed from contraction of its corre-

sponding wave function. While the generalized Pauli con-

straints have not been previously applied to a 7-electron

quantum system, the constraints for a two-level excitonic sys-

tem significantly simplify to a single generalized Pauli condi-

tion (or facet).[32]

Table 3 shows the minimum distances to the pure, ensem-

ble, and Slater boundaries for the ground and excited states

of the seven-site FMO complex. Because the ground state in

this model is a Slater determinant, its Slater, ensemble, and

pure distances vanish. In contrast, the Slater distances of all

seven excited states are nonzero (! 0:85), reflecting the pres-

ence of electron correlation. The ensemble distances of all

seven excited states are also nonzero, indicating that the 1-

RDMs of these states do not lie on the ensemble boundary.

The pure distances, however, for all the excited states except

states 3 and 6 are zero to arbitrary digits of precision. States 3

and 6 have the greatest Slater distances, indicating that they

have the highest level of electron correlation of the seven

excited states. Interestingly, state 3 is nearly degenerate with

state 2, and state 6 is nearly degenerate with state 5. States 3

and 6 have the higher energies in these energetically quasi-

degenerate pairs. Pinning to the generalized Pauli constraints

in the FMO complex gives a glimpse into the structural com-

plexity of excited state 1-RDMs, which can either be pinned,

quasi-pinned, or buried deep inside the pure set.

Conclusions

The role of the generalized Pauli constraints in the quantum

chemistry of excited states has been investigated with applica-

tions to three-, four-, five-, and seven-electron atoms and mol-

ecules. While the ground-state 2-RDM is always on the

boundary of the ensemble N-representable set of 2-RDM,

excited-state 2-RDMs can lie on the boundary or inside the

ensemble N-representable set.[11] The ability of excited state 2-

RDMs to lie inside the set reflects the potential of excited

states to exhibit even greater complexity in their electron

Table 2. The minimum distance to a facet of the pure 1-RDM set (pure
distance) as well as the harmonic, geometric, and arithmetic means of
the Euclidean distances to each facet are reported for the doublet
ground state and the first three doublet excited states of the cyclopenta-
dienyl radical.

Means of Pure distance

Molecule State Harmonic Geometric Arithmetic Std dev. Minimum

C5H5 Ground 0.0037 0.0103 0.0907 0.2566 0.0001
Excited 1 0.0044 0.0303 0.1014 0.2366 0.0001

2B1, C2v 2 0.0206 0.0516 0.1157 0.2425 0.0005
3 0.0023 0.2178 0.3119 0.0952 0.0001

While the harmonic mean is similar to the minimum distance, the geo-
metric and arithmetic means provide information about the distance to
the majority of facets. For example, while the harmonic-mean distance
and the minimum distance are smallest for the ground state and the
third excited state, the geometric- and arithmetic-mean distances are
largest for the third excited state.

Table 3. Minimum distances to the pure, ensemble, and Slater bounda-
ries for the ground and excited states of the seven-site FMO complex are
shown.

Euclidean distances

FMO State Energy (cm21) Pure Ensemble Slater

Ground 0 0.00 0.0000 0.0000 0.0000
Excited 1 223.74 0.0000 0.0005 0.8876

2 101.97 0.0000 0.0048 0.8528
3 120.96 0.0020 0.0085 0.9958
4 268.37 0.0000 0.0141 0.9246
5 307.13 0.0000 0.0001 0.9320
6 332.00 0.0003 0.0003 0.9784
7 513.32 0.0000 0.0003 0.8797

Because the ground state in this model is a Slater determinant, its
Slater, ensemble, and pure distances vanish. In contrast, the Slater
distances of all seven excited states are nonzero (! 0:85), reflecting the
presence of electron correlation. The ensemble distances of all seven
excited states are also nonzero. The pure distances, however, for all the
excited states except states 3 and 6 are zero to arbitrary digits of
precision.
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Ø  Ground state corresponds to a Slater determinant 
Ø  Excited states are correlated  
Ø  Nonzero ensemble distances 

of facets to which the Euclidean distances are >0.8. In con-

trast, the third excited state’s 1-RDM does not have any facets

farther than 0.6 even though it is farther than 0.2 from most

of its facets except a small number of nearly pinned facets

clustered around 0 and 100.

The differences between the lowest three states and the

third excited state reveal that it is important to consider the

distances to all of the facets from the Pauli and generalized

Pauli constraints to construct a complete fingerprint from the

information available in these constraints. This conclusion is

especially true for N ! 5 where the number of facets becomes

quite large. For the ground state and the three excited states,

Table 2 reports not only the minimum distance to a facet of

the pure 1-RDM set (pure distance) but also the harmonic,

geometric, and arithmetic means of the Euclidean distances to

each facet of the set. While the harmonic mean is similar to

the minimum distance, the geometric and arithmetic means

provide information about the distance to the majority of fac-

ets. For example, while the harmonic-mean distance and the

minimum distance are smallest for the ground state, the first

and the third excited state, the geometric- and arithmetic-

mean distances are largest for the third excited state, reflect-

ing that its 1-RDM is far from the majority of the Pauli and

generalized Pauli facets.

Seven-electron Fenna-Matthews-Olson (FMO) complex

The FMO complex in green-sulfur bacteria consists of three

parts, each with seven chromophores embedded in a protein

matrix. As in previous work,[26–31] we model the seven chro-

mophores as a single-electron two-level system. Due to envi-

ronmental differences, each of the seven chromophores has a

slightly different energy. If we restrict the model to the single-

excitation manifold, then the Hamiltonian is a 7 3 7 matrix

whose elements have been determined from computational

and experimental data.[27,29] Diagonalization of the Hamilto-

nian generates seven stationary excited-state wave functions.

Each 1-RDM is readily computed from contraction of its corre-

sponding wave function. While the generalized Pauli con-

straints have not been previously applied to a 7-electron

quantum system, the constraints for a two-level excitonic sys-

tem significantly simplify to a single generalized Pauli condi-

tion (or facet).[32]

Table 3 shows the minimum distances to the pure, ensem-

ble, and Slater boundaries for the ground and excited states

of the seven-site FMO complex. Because the ground state in

this model is a Slater determinant, its Slater, ensemble, and

pure distances vanish. In contrast, the Slater distances of all

seven excited states are nonzero (! 0:85), reflecting the pres-

ence of electron correlation. The ensemble distances of all

seven excited states are also nonzero, indicating that the 1-

RDMs of these states do not lie on the ensemble boundary.

The pure distances, however, for all the excited states except

states 3 and 6 are zero to arbitrary digits of precision. States 3

and 6 have the greatest Slater distances, indicating that they

have the highest level of electron correlation of the seven

excited states. Interestingly, state 3 is nearly degenerate with

state 2, and state 6 is nearly degenerate with state 5. States 3

and 6 have the higher energies in these energetically quasi-

degenerate pairs. Pinning to the generalized Pauli constraints

in the FMO complex gives a glimpse into the structural com-

plexity of excited state 1-RDMs, which can either be pinned,

quasi-pinned, or buried deep inside the pure set.

Conclusions

The role of the generalized Pauli constraints in the quantum

chemistry of excited states has been investigated with applica-

tions to three-, four-, five-, and seven-electron atoms and mol-

ecules. While the ground-state 2-RDM is always on the

boundary of the ensemble N-representable set of 2-RDM,

excited-state 2-RDMs can lie on the boundary or inside the

ensemble N-representable set.[11] The ability of excited state 2-

RDMs to lie inside the set reflects the potential of excited

states to exhibit even greater complexity in their electron

Table 2. The minimum distance to a facet of the pure 1-RDM set (pure
distance) as well as the harmonic, geometric, and arithmetic means of
the Euclidean distances to each facet are reported for the doublet
ground state and the first three doublet excited states of the cyclopenta-
dienyl radical.

Means of Pure distance

Molecule State Harmonic Geometric Arithmetic Std dev. Minimum

C5H5 Ground 0.0037 0.0103 0.0907 0.2566 0.0001
Excited 1 0.0044 0.0303 0.1014 0.2366 0.0001

2B1, C2v 2 0.0206 0.0516 0.1157 0.2425 0.0005
3 0.0023 0.2178 0.3119 0.0952 0.0001

While the harmonic mean is similar to the minimum distance, the geo-
metric and arithmetic means provide information about the distance to
the majority of facets. For example, while the harmonic-mean distance
and the minimum distance are smallest for the ground state and the
third excited state, the geometric- and arithmetic-mean distances are
largest for the third excited state.

Table 3. Minimum distances to the pure, ensemble, and Slater bounda-
ries for the ground and excited states of the seven-site FMO complex are
shown.

Euclidean distances

FMO State Energy (cm21) Pure Ensemble Slater

Ground 0 0.00 0.0000 0.0000 0.0000
Excited 1 223.74 0.0000 0.0005 0.8876

2 101.97 0.0000 0.0048 0.8528
3 120.96 0.0020 0.0085 0.9958
4 268.37 0.0000 0.0141 0.9246
5 307.13 0.0000 0.0001 0.9320
6 332.00 0.0003 0.0003 0.9784
7 513.32 0.0000 0.0003 0.8797

Because the ground state in this model is a Slater determinant, its
Slater, ensemble, and pure distances vanish. In contrast, the Slater
distances of all seven excited states are nonzero (! 0:85), reflecting the
presence of electron correlation. The ensemble distances of all seven
excited states are also nonzero. The pure distances, however, for all the
excited states except states 3 and 6 are zero to arbitrary digits of
precision.
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of facets to which the Euclidean distances are >0.8. In con-

trast, the third excited state’s 1-RDM does not have any facets

farther than 0.6 even though it is farther than 0.2 from most

of its facets except a small number of nearly pinned facets

clustered around 0 and 100.

The differences between the lowest three states and the

third excited state reveal that it is important to consider the

distances to all of the facets from the Pauli and generalized

Pauli constraints to construct a complete fingerprint from the

information available in these constraints. This conclusion is

especially true for N ! 5 where the number of facets becomes

quite large. For the ground state and the three excited states,

Table 2 reports not only the minimum distance to a facet of

the pure 1-RDM set (pure distance) but also the harmonic,

geometric, and arithmetic means of the Euclidean distances to

each facet of the set. While the harmonic mean is similar to

the minimum distance, the geometric and arithmetic means

provide information about the distance to the majority of fac-

ets. For example, while the harmonic-mean distance and the

minimum distance are smallest for the ground state, the first

and the third excited state, the geometric- and arithmetic-

mean distances are largest for the third excited state, reflect-

ing that its 1-RDM is far from the majority of the Pauli and

generalized Pauli facets.

Seven-electron Fenna-Matthews-Olson (FMO) complex

The FMO complex in green-sulfur bacteria consists of three

parts, each with seven chromophores embedded in a protein

matrix. As in previous work,[26–31] we model the seven chro-

mophores as a single-electron two-level system. Due to envi-

ronmental differences, each of the seven chromophores has a

slightly different energy. If we restrict the model to the single-

excitation manifold, then the Hamiltonian is a 7 3 7 matrix

whose elements have been determined from computational

and experimental data.[27,29] Diagonalization of the Hamilto-

nian generates seven stationary excited-state wave functions.

Each 1-RDM is readily computed from contraction of its corre-

sponding wave function. While the generalized Pauli con-

straints have not been previously applied to a 7-electron

quantum system, the constraints for a two-level excitonic sys-

tem significantly simplify to a single generalized Pauli condi-

tion (or facet).[32]

Table 3 shows the minimum distances to the pure, ensem-

ble, and Slater boundaries for the ground and excited states

of the seven-site FMO complex. Because the ground state in

this model is a Slater determinant, its Slater, ensemble, and

pure distances vanish. In contrast, the Slater distances of all

seven excited states are nonzero (! 0:85), reflecting the pres-

ence of electron correlation. The ensemble distances of all

seven excited states are also nonzero, indicating that the 1-

RDMs of these states do not lie on the ensemble boundary.

The pure distances, however, for all the excited states except

states 3 and 6 are zero to arbitrary digits of precision. States 3

and 6 have the greatest Slater distances, indicating that they

have the highest level of electron correlation of the seven

excited states. Interestingly, state 3 is nearly degenerate with

state 2, and state 6 is nearly degenerate with state 5. States 3

and 6 have the higher energies in these energetically quasi-

degenerate pairs. Pinning to the generalized Pauli constraints

in the FMO complex gives a glimpse into the structural com-

plexity of excited state 1-RDMs, which can either be pinned,

quasi-pinned, or buried deep inside the pure set.

Conclusions

The role of the generalized Pauli constraints in the quantum

chemistry of excited states has been investigated with applica-

tions to three-, four-, five-, and seven-electron atoms and mol-

ecules. While the ground-state 2-RDM is always on the

boundary of the ensemble N-representable set of 2-RDM,

excited-state 2-RDMs can lie on the boundary or inside the

ensemble N-representable set.[11] The ability of excited state 2-

RDMs to lie inside the set reflects the potential of excited

states to exhibit even greater complexity in their electron

Table 2. The minimum distance to a facet of the pure 1-RDM set (pure
distance) as well as the harmonic, geometric, and arithmetic means of
the Euclidean distances to each facet are reported for the doublet
ground state and the first three doublet excited states of the cyclopenta-
dienyl radical.

Means of Pure distance

Molecule State Harmonic Geometric Arithmetic Std dev. Minimum

C5H5 Ground 0.0037 0.0103 0.0907 0.2566 0.0001
Excited 1 0.0044 0.0303 0.1014 0.2366 0.0001

2B1, C2v 2 0.0206 0.0516 0.1157 0.2425 0.0005
3 0.0023 0.2178 0.3119 0.0952 0.0001

While the harmonic mean is similar to the minimum distance, the geo-
metric and arithmetic means provide information about the distance to
the majority of facets. For example, while the harmonic-mean distance
and the minimum distance are smallest for the ground state and the
third excited state, the geometric- and arithmetic-mean distances are
largest for the third excited state.

Table 3. Minimum distances to the pure, ensemble, and Slater bounda-
ries for the ground and excited states of the seven-site FMO complex are
shown.

Euclidean distances

FMO State Energy (cm21) Pure Ensemble Slater

Ground 0 0.00 0.0000 0.0000 0.0000
Excited 1 223.74 0.0000 0.0005 0.8876

2 101.97 0.0000 0.0048 0.8528
3 120.96 0.0020 0.0085 0.9958
4 268.37 0.0000 0.0141 0.9246
5 307.13 0.0000 0.0001 0.9320
6 332.00 0.0003 0.0003 0.9784
7 513.32 0.0000 0.0003 0.8797

Because the ground state in this model is a Slater determinant, its
Slater, ensemble, and pure distances vanish. In contrast, the Slater
distances of all seven excited states are nonzero (! 0:85), reflecting the
presence of electron correlation. The ensemble distances of all seven
excited states are also nonzero. The pure distances, however, for all the
excited states except states 3 and 6 are zero to arbitrary digits of
precision.
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of facets to which the Euclidean distances are >0.8. In con-

trast, the third excited state’s 1-RDM does not have any facets

farther than 0.6 even though it is farther than 0.2 from most

of its facets except a small number of nearly pinned facets

clustered around 0 and 100.

The differences between the lowest three states and the

third excited state reveal that it is important to consider the

distances to all of the facets from the Pauli and generalized

Pauli constraints to construct a complete fingerprint from the

information available in these constraints. This conclusion is

especially true for N ! 5 where the number of facets becomes

quite large. For the ground state and the three excited states,

Table 2 reports not only the minimum distance to a facet of

the pure 1-RDM set (pure distance) but also the harmonic,

geometric, and arithmetic means of the Euclidean distances to

each facet of the set. While the harmonic mean is similar to

the minimum distance, the geometric and arithmetic means

provide information about the distance to the majority of fac-

ets. For example, while the harmonic-mean distance and the

minimum distance are smallest for the ground state, the first

and the third excited state, the geometric- and arithmetic-

mean distances are largest for the third excited state, reflect-

ing that its 1-RDM is far from the majority of the Pauli and

generalized Pauli facets.

Seven-electron Fenna-Matthews-Olson (FMO) complex

The FMO complex in green-sulfur bacteria consists of three

parts, each with seven chromophores embedded in a protein

matrix. As in previous work,[26–31] we model the seven chro-

mophores as a single-electron two-level system. Due to envi-

ronmental differences, each of the seven chromophores has a

slightly different energy. If we restrict the model to the single-

excitation manifold, then the Hamiltonian is a 7 3 7 matrix

whose elements have been determined from computational

and experimental data.[27,29] Diagonalization of the Hamilto-

nian generates seven stationary excited-state wave functions.

Each 1-RDM is readily computed from contraction of its corre-

sponding wave function. While the generalized Pauli con-

straints have not been previously applied to a 7-electron

quantum system, the constraints for a two-level excitonic sys-

tem significantly simplify to a single generalized Pauli condi-

tion (or facet).[32]

Table 3 shows the minimum distances to the pure, ensem-

ble, and Slater boundaries for the ground and excited states

of the seven-site FMO complex. Because the ground state in

this model is a Slater determinant, its Slater, ensemble, and

pure distances vanish. In contrast, the Slater distances of all

seven excited states are nonzero (! 0:85), reflecting the pres-

ence of electron correlation. The ensemble distances of all

seven excited states are also nonzero, indicating that the 1-

RDMs of these states do not lie on the ensemble boundary.

The pure distances, however, for all the excited states except

states 3 and 6 are zero to arbitrary digits of precision. States 3

and 6 have the greatest Slater distances, indicating that they

have the highest level of electron correlation of the seven

excited states. Interestingly, state 3 is nearly degenerate with

state 2, and state 6 is nearly degenerate with state 5. States 3

and 6 have the higher energies in these energetically quasi-

degenerate pairs. Pinning to the generalized Pauli constraints

in the FMO complex gives a glimpse into the structural com-

plexity of excited state 1-RDMs, which can either be pinned,

quasi-pinned, or buried deep inside the pure set.

Conclusions

The role of the generalized Pauli constraints in the quantum

chemistry of excited states has been investigated with applica-

tions to three-, four-, five-, and seven-electron atoms and mol-

ecules. While the ground-state 2-RDM is always on the

boundary of the ensemble N-representable set of 2-RDM,

excited-state 2-RDMs can lie on the boundary or inside the

ensemble N-representable set.[11] The ability of excited state 2-

RDMs to lie inside the set reflects the potential of excited

states to exhibit even greater complexity in their electron

Table 2. The minimum distance to a facet of the pure 1-RDM set (pure
distance) as well as the harmonic, geometric, and arithmetic means of
the Euclidean distances to each facet are reported for the doublet
ground state and the first three doublet excited states of the cyclopenta-
dienyl radical.

Means of Pure distance

Molecule State Harmonic Geometric Arithmetic Std dev. Minimum

C5H5 Ground 0.0037 0.0103 0.0907 0.2566 0.0001
Excited 1 0.0044 0.0303 0.1014 0.2366 0.0001

2B1, C2v 2 0.0206 0.0516 0.1157 0.2425 0.0005
3 0.0023 0.2178 0.3119 0.0952 0.0001

While the harmonic mean is similar to the minimum distance, the geo-
metric and arithmetic means provide information about the distance to
the majority of facets. For example, while the harmonic-mean distance
and the minimum distance are smallest for the ground state and the
third excited state, the geometric- and arithmetic-mean distances are
largest for the third excited state.

Table 3. Minimum distances to the pure, ensemble, and Slater bounda-
ries for the ground and excited states of the seven-site FMO complex are
shown.

Euclidean distances

FMO State Energy (cm21) Pure Ensemble Slater

Ground 0 0.00 0.0000 0.0000 0.0000
Excited 1 223.74 0.0000 0.0005 0.8876

2 101.97 0.0000 0.0048 0.8528
3 120.96 0.0020 0.0085 0.9958
4 268.37 0.0000 0.0141 0.9246
5 307.13 0.0000 0.0001 0.9320
6 332.00 0.0003 0.0003 0.9784
7 513.32 0.0000 0.0003 0.8797

Because the ground state in this model is a Slater determinant, its
Slater, ensemble, and pure distances vanish. In contrast, the Slater
distances of all seven excited states are nonzero (! 0:85), reflecting the
presence of electron correlation. The ensemble distances of all seven
excited states are also nonzero. The pure distances, however, for all the
excited states except states 3 and 6 are zero to arbitrary digits of
precision.
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of facets to which the Euclidean distances are >0.8. In con-

trast, the third excited state’s 1-RDM does not have any facets

farther than 0.6 even though it is farther than 0.2 from most

of its facets except a small number of nearly pinned facets

clustered around 0 and 100.

The differences between the lowest three states and the

third excited state reveal that it is important to consider the

distances to all of the facets from the Pauli and generalized

Pauli constraints to construct a complete fingerprint from the

information available in these constraints. This conclusion is

especially true for N ! 5 where the number of facets becomes

quite large. For the ground state and the three excited states,

Table 2 reports not only the minimum distance to a facet of

the pure 1-RDM set (pure distance) but also the harmonic,

geometric, and arithmetic means of the Euclidean distances to

each facet of the set. While the harmonic mean is similar to

the minimum distance, the geometric and arithmetic means

provide information about the distance to the majority of fac-

ets. For example, while the harmonic-mean distance and the

minimum distance are smallest for the ground state, the first

and the third excited state, the geometric- and arithmetic-

mean distances are largest for the third excited state, reflect-

ing that its 1-RDM is far from the majority of the Pauli and

generalized Pauli facets.

Seven-electron Fenna-Matthews-Olson (FMO) complex

The FMO complex in green-sulfur bacteria consists of three

parts, each with seven chromophores embedded in a protein

matrix. As in previous work,[26–31] we model the seven chro-

mophores as a single-electron two-level system. Due to envi-

ronmental differences, each of the seven chromophores has a

slightly different energy. If we restrict the model to the single-

excitation manifold, then the Hamiltonian is a 7 3 7 matrix

whose elements have been determined from computational

and experimental data.[27,29] Diagonalization of the Hamilto-

nian generates seven stationary excited-state wave functions.

Each 1-RDM is readily computed from contraction of its corre-

sponding wave function. While the generalized Pauli con-

straints have not been previously applied to a 7-electron

quantum system, the constraints for a two-level excitonic sys-

tem significantly simplify to a single generalized Pauli condi-

tion (or facet).[32]

Table 3 shows the minimum distances to the pure, ensem-

ble, and Slater boundaries for the ground and excited states

of the seven-site FMO complex. Because the ground state in

this model is a Slater determinant, its Slater, ensemble, and

pure distances vanish. In contrast, the Slater distances of all

seven excited states are nonzero (! 0:85), reflecting the pres-

ence of electron correlation. The ensemble distances of all

seven excited states are also nonzero, indicating that the 1-

RDMs of these states do not lie on the ensemble boundary.

The pure distances, however, for all the excited states except

states 3 and 6 are zero to arbitrary digits of precision. States 3

and 6 have the greatest Slater distances, indicating that they

have the highest level of electron correlation of the seven

excited states. Interestingly, state 3 is nearly degenerate with

state 2, and state 6 is nearly degenerate with state 5. States 3

and 6 have the higher energies in these energetically quasi-

degenerate pairs. Pinning to the generalized Pauli constraints

in the FMO complex gives a glimpse into the structural com-

plexity of excited state 1-RDMs, which can either be pinned,

quasi-pinned, or buried deep inside the pure set.

Conclusions

The role of the generalized Pauli constraints in the quantum

chemistry of excited states has been investigated with applica-

tions to three-, four-, five-, and seven-electron atoms and mol-

ecules. While the ground-state 2-RDM is always on the

boundary of the ensemble N-representable set of 2-RDM,

excited-state 2-RDMs can lie on the boundary or inside the

ensemble N-representable set.[11] The ability of excited state 2-

RDMs to lie inside the set reflects the potential of excited

states to exhibit even greater complexity in their electron

Table 2. The minimum distance to a facet of the pure 1-RDM set (pure
distance) as well as the harmonic, geometric, and arithmetic means of
the Euclidean distances to each facet are reported for the doublet
ground state and the first three doublet excited states of the cyclopenta-
dienyl radical.

Means of Pure distance

Molecule State Harmonic Geometric Arithmetic Std dev. Minimum

C5H5 Ground 0.0037 0.0103 0.0907 0.2566 0.0001
Excited 1 0.0044 0.0303 0.1014 0.2366 0.0001

2B1, C2v 2 0.0206 0.0516 0.1157 0.2425 0.0005
3 0.0023 0.2178 0.3119 0.0952 0.0001

While the harmonic mean is similar to the minimum distance, the geo-
metric and arithmetic means provide information about the distance to
the majority of facets. For example, while the harmonic-mean distance
and the minimum distance are smallest for the ground state and the
third excited state, the geometric- and arithmetic-mean distances are
largest for the third excited state.

Table 3. Minimum distances to the pure, ensemble, and Slater bounda-
ries for the ground and excited states of the seven-site FMO complex are
shown.

Euclidean distances

FMO State Energy (cm21) Pure Ensemble Slater

Ground 0 0.00 0.0000 0.0000 0.0000
Excited 1 223.74 0.0000 0.0005 0.8876

2 101.97 0.0000 0.0048 0.8528
3 120.96 0.0020 0.0085 0.9958
4 268.37 0.0000 0.0141 0.9246
5 307.13 0.0000 0.0001 0.9320
6 332.00 0.0003 0.0003 0.9784
7 513.32 0.0000 0.0003 0.8797

Because the ground state in this model is a Slater determinant, its
Slater, ensemble, and pure distances vanish. In contrast, the Slater
distances of all seven excited states are nonzero (! 0:85), reflecting the
presence of electron correlation. The ensemble distances of all seven
excited states are also nonzero. The pure distances, however, for all the
excited states except states 3 and 6 are zero to arbitrary digits of
precision.
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of facets to which the Euclidean distances are >0.8. In con-
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whose elements have been determined from computational

and experimental data.[27,29] Diagonalization of the Hamilto-
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Each 1-RDM is readily computed from contraction of its corre-

sponding wave function. While the generalized Pauli con-
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quantum system, the constraints for a two-level excitonic sys-
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and 6 have the higher energies in these energetically quasi-

degenerate pairs. Pinning to the generalized Pauli constraints

in the FMO complex gives a glimpse into the structural com-

plexity of excited state 1-RDMs, which can either be pinned,

quasi-pinned, or buried deep inside the pure set.
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The role of the generalized Pauli constraints in the quantum
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tions to three-, four-, five-, and seven-electron atoms and mol-

ecules. While the ground-state 2-RDM is always on the

boundary of the ensemble N-representable set of 2-RDM,

excited-state 2-RDMs can lie on the boundary or inside the

ensemble N-representable set.[11] The ability of excited state 2-

RDMs to lie inside the set reflects the potential of excited

states to exhibit even greater complexity in their electron

Table 2. The minimum distance to a facet of the pure 1-RDM set (pure
distance) as well as the harmonic, geometric, and arithmetic means of
the Euclidean distances to each facet are reported for the doublet
ground state and the first three doublet excited states of the cyclopenta-
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Excited 1 0.0044 0.0303 0.1014 0.2366 0.0001

2B1, C2v 2 0.0206 0.0516 0.1157 0.2425 0.0005
3 0.0023 0.2178 0.3119 0.0952 0.0001

While the harmonic mean is similar to the minimum distance, the geo-
metric and arithmetic means provide information about the distance to
the majority of facets. For example, while the harmonic-mean distance
and the minimum distance are smallest for the ground state and the
third excited state, the geometric- and arithmetic-mean distances are
largest for the third excited state.

Table 3. Minimum distances to the pure, ensemble, and Slater bounda-
ries for the ground and excited states of the seven-site FMO complex are
shown.

Euclidean distances

FMO State Energy (cm21) Pure Ensemble Slater
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Because the ground state in this model is a Slater determinant, its
Slater, ensemble, and pure distances vanish. In contrast, the Slater
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excited states except states 3 and 6 are zero to arbitrary digits of
precision.

FULL PAPER WWW.Q-CHEM.ORG

788 International Journal of Quantum Chemistry 2016, 116, 784–790 WWW.CHEMISTRYVIEWS.ORG

Ø  Ground state corresponds to a Slater determinant 
Ø  Excited states are correlated  
Ø  Nonzero ensemble distances 
Ø  Quasi-degenerate states are quasi-pinned 

8R. Chakraborty, D. A. Mazziotti Int. J. Quantum Chem. 116, 784-790 (2016) 
 



ENVIRONMENTAL EFFECTS 

•  We use the pure distance as a metric to study the interaction of a quantum system 
with its environment 

•  Pure distance is positive or negative based whether the spectrum of occupations is 
inside or outside the pure set respectively 

 

Ø  Pure distance is ≥ 0 at all times for the closed 
system 

Ø  Becomes positive when sites 1 and 2 become 
maximally entangled 
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ENVIRONMENTAL EFFECTS 

•  We use the pure distance as a metric to study the interaction of a quantum system 
with its environment 

•  Pure distance is positive or negative based whether the spectrum of occupations is 
inside or outside the pure set respectively 

 

Ø  Pure distance is ≥ 0 at all times for the closed 
system 

Ø  Becomes positive when sites 1 and 2 become 
maximally entangled 

 

Ø  Pure distance is ≤ 0 at most times 
Ø  Spectrum enters the pure set when sites 1 and 

2 become maximally entangled 
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ANTISYMMETRY AND ENERGY 
MINIMIZATION 

 
•  Environmental noise increases the size of the set of 1-RDMs accessible to a quantum 

system facilitating in the transfer of excitation to the reaction center 

•  Information about the interaction of a many-electron quantum system with its 
environment is encoded in the 1-RDM which scales polynomially with system size 

Open Closed 

6R. Chakraborty, D. A. Mazziotti Phys. Rev. A, 91, 010101(R) (2015) 
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OPENNESS OF QUANTUM SYSTEMS FROM 
GENERALIZED PAULI CONDITIONS 

•  Generalized Pauli constraints ensure orbital occupations arise from pure quantum 
states 

•  Give sufficient conditions for openness of a many-electron quantum system from 
sole knowledge of the 1-RDM 

•  Can be used to quantify the degree of openness in many-electron quantum 
systems 

•  Highlight interplay between antisymmetry and energy minimization photosynthetic 
energy transfer 

•  Emphasize the coaction of entanglement and decoherence in quantum 
information transport 
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